We discuss the p-harmonicity of the linear combination of p-harmonic functions in the Euclidean space and on a tree. If p = 2, the p-harmonicity is non-linear, i.e., the linear combination of p-harmonic functions need not be p-harmonic. In spite of this non-linear nature, we find some p-harmonic functions whose linear combinations become p-harmonic.
Introduction
Let 1 < p < ∞. First we consider p-harmonic functions in the Euclidean space R n . We define the p-Laplacian by p u = div(|∇u| p−2 ∇u).
Let D be a domain in R n . If p u = 0 in D, then we say that u is p-harmonic in D. Let n 3. It is easy to see that the two-harmonic Green function for the half space H ={x =(x 1 , . . . , x n ) ∈ R n ; x n > 0} is |x − a| 2−n − |x − a | 2−n ,
where a = (a 1 , . . . , a n ) ∈ H and a = (a 1 , . . . , −a n ). This function is the difference of fundamental solutions. Since two-Laplacian is linear, it is obvious that this function is two harmonic. Recently, Aikawa et al. [1] shows that the n-harmonic Green function for H is log |x − a | − log |x − a|.
This function is also the difference of fundamental solutions. However, since n-Laplacian is not linear, it is not obvious that this function is n-harmonic. In this article we study linear combinations of p-harmonic functions which are again p-harmonic. By definition a constant is a p-harmonic function and the linear combination of an arbitrary p-harmonic function and a constant is p-harmonic. We shall find other p-harmonic linear combinations of p-harmonic functions. Also we study similar questions on trees. In Section 2 we define some definitions and notations and mention the main results. Also we mention the counterparts for trees. In Sections 3 and 4 we shall prove the results for the Euclidean space and those for trees, respectively. (1) = 0 and = 0, i.e., a constant function; (2) = 0 and = 1, i.e., a linear function;
Definitions and main results
, the p-fundamental solution; (4) p = 2, = −n and = 1; and (5) p = n, = −2 and = 1. Remark 3. It is well known that the n-harmonicity in R n is invariant under conformal mappings. Since log |x| and x j are n-harmonic, we obtain easily Theorem 2(1) and (2) . However, we shall show that simple calculations work well for these.
Remark 4.
We are not aware of any other non-trivial examples of p-harmonic functions with a (partial) linear relation besides those in Theorem 2.
Next we consider p-harmonic functions on a tree. The p-harmonicity is defined on a tree as well. As in the Euclidean space the p-harmonicity is non-linear if p = 2. In contrast with the Euclidean case, we find a large number of multiples of p-harmonic functions on a tree whose linear combinations become p-harmonic.
Let T be a locally finite connected tree with the resistance r, which is a triplet (V , E, r), where V is the vertex set and E is the edge set. An element (x, y) ∈ E is an ordered pair of vertices such that (x, y) ∈ E if and only if (y, x) ∈ E. If (x, y) ∈ E, then we write x ∼ y. The resistance r is a positive function on E such that r(y, x) = r(x, y). We define the discrete derivative ∇u and the discrete p-Laplacian p u for a function u on V by
For these accounts see [2] [3] [4] . 
Example 6. Let T be a tree formed by m half lines meeting at a vertex x 0 , i.e.,
, where x i,0 = x 0 for i = 1, . . . , m. Let r be an arbitrary resistance on E. We define a function u i on V by
Then the following statements hold:
Since T is a tree, the path joining x to y is unique. The number l is called the length of the path and is denoted by (x, y). For x ∈ V let deg(x) = #{y ∈ V ; (x, y) = 1}. This is the number of neighbors of x. Let A be a subset of V. We say that A is connected if any two vertices of A are joined by a path whose vertices are still in A. By A we denote the minimal connected set including A.
We give different types of p-harmonic functions with linear relation. Theorem 8 may be considered to be a counterpart of Theorem 2(1). 
(T).
Consider the discrete boundary value problem
where a is the characteristic function of {a}, i.e., a (x) = 1 if x = a and a (x) = 0 otherwise. The solution u to (1) uniquely exists if and only if the tree is of hyperbolic type of order p. We call the solution u the p-Green function with pole at a and denote it by g a . For details see Yamasaki [3, 4] . We show that the set of p-Green functions with poles a ∈ A has a linear relation outside A.
Theorem 9. Suppose that the tree T is of hyperbolic type of order p. Then the p-Green function g a is p-harmonic in
V \{a}. If A is a finite subset of V, then {g a } a∈A has a linear relation in V \A.
Proof of Theorems 1 and 2
For a function u we let w = ∇u and J the Jacobian matrix of w, i.e., whose (i, j )th element is jw i /jx j . Then we have
where w T denotes the transpose matrix of w, trJ is the trace of J and E is the identity matrix.
Proof of Theorem 1. Let u(x)
= |x| x k . Then
where e k is the kth unit vector, i.e., whose ith element is ik . Therefore we have 
Therefore, if p u = 0 in some domain, then = 0 or = (p − n)/(p − 1). Next suppose = 1. Then an easy calculation shows that
If c 1 = c 2 = 0, then one of the following conditions holds: = 0; or p = 2, = −n; or = −2, p = n.
Proof of Theorem 2. First we shall prove (1). Let u(x)
= s log |x − a| + t log |x − b| and let y = x − a and z = x − b. Then
where y · z denotes the inner product of y and z. Hence if n u = 0 in some domain, then st(s + t) = 0.
Next we show (2). Let u(x)
Therefore n u = 0. This means that u is always n-harmonic. Last we shall prove (3). Let u = s|x − a| + t|x − b| . Let y = x − a and z = x − b. Then we have
Hence if p u = 0 in some domain, then st = 0.
Proof of Theorems 5, 7-9
We introduce a function
Proof of Theorem 5. Let u = m j =1 t j u j . We shall prove p u(x) = 0 for every x ∈ D. Take y ∈ V with y ∼ x. By the assumption we have ∇u j (x, y) = 0 for j = j 0 (x, y). Therefore (∇u j (x, y) ).
Proof of Example 6. (1) We observe that
It is clear that 
Therefore, u is p-harmonic at 
Since
Next let A be a finite subset of V and let u = a∈A t a h a . Let x ∈ V \A. Let y be the neighbor of x which is on the path joining a ∈ A to x. Note that y is independent of the choice of a since x / ∈ A. Let z 1 , . . . , z deg(x)−1 be the other neighbors of x. Then (3) holds for each a ∈ A. Therefore ∇u(x, z k ) = −w(x)∇u(x, y), and consequently Similarly we have Proof of Theorem 9. It is evident that g a is p-harmonic in V \{a}. Let A be a finite subset of V. Let x ∈ V \A. Take the path {a, x 1 , . . . , x l−1 , x} joining a ∈ A to x. Let k be the number such that x k ∈ A and x k+1 / ∈ A. Let y = x k . Then y is independent of the choice of a.
LetT be the subtree whose vertex set is the union of {y} and the connected component of V \A including x. Let˜ p be the p-Laplacian with respect toT. Letũ a be the restriction of g a toT. Then it is easy to see that pũa = p g a = 0 inT\{y},ũ a ∈ D 
(T).
Thereforeṽ a is the p-Green functiong y with pole at y with respect toT. The uniqueness of the p-Green function implies thatṽ a =g y , especially thatṽ a is independent of the choice of a. This means that Thus u is p-harmonic at x. Since x ∈ V \A is arbitrary, u is p-harmonic in V \A. Therefore {g a } a∈A has a linear relation in V \A.
